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Abstract 

As a generalization to the heat semigroup on the Heisenberg group, the diffusion 
semigroup generated by the subelliptic operator L := \ Y^Li on M. m+d := M. m x M. d 
is investigated, where 

m d 

Xi(x,y) =^2cT ki d Xk + Y,(A lX )id yi , (x,y) G R m+d , \<i<m 
k=l 1=1 

for a an invertible m x m- matrix and {j4/}i</<,i some m x m-matrices such that the 
Hormander condition holds. We first establish Bismut-type and Driver-type derivative 
formulae with applications on gradient estimates and the coupling/Liouville proper- 
ties, which are new even for the heat semigroup on the Heisenberg group; then prove 
under the present framework some recent results derived for the heat semigroup on the 
Heisenberg group. 

AMS subject Classification: 60J75, 60J45. 
Keywords: Kohn-Laplacian type operator, derivative formula, generalized curvature-dimension 
condition, Poincare inequality, reverse Poincare inequality. 



1 Introduction 

In recent years, the heat semigroup generated by the Kohn-Laplacian on the Heisenberg 
group regularity has been intensively investigated, see [2j [121 E] f° r derivative estimates and 
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applications, and see [3j [5] (where a more general model was considered) for the generalized 
curvature conditions and applications. 

The first purpose of this paper is to establish Bismut's derivative formula [6] and Driver's 
integration by parts formula pU] for the semigroup generalized by a class of Kohn-Laplacian 
type operators. These two formulae are crucial for stochastic analysis of diffusion processes 
and are not explicitly known even for the heat semigroup on the Heisenberg group. Our 
second aim is to extend some known results derived recently for the heat semigroup on the 
Heisenberg group to a more general framework of Kohn-Laplacian type operators. These 
results include the generalized curvature-dimension condition and applications studied in 
[31 IU [5] , and explicit Poincare and reverse Poincare inequalities for the semigroup derived in 

Let us first recall the Kohn-Laplacian on the three-dimensional Heisenberg group. Con- 
sider the following two vector fields on IR 3 : 

Xi(x) = d xi - y^cs) X 2 (x) = d X2 + y^xs, x = (x 1 ,x 2 ,x 3 ) G M 3 . 

Then A# := Xf + X\ is called the Kohn-Laplacian. It is crucial in the study of this 
operator that [X l5 X 2 ] = d X3 , [Xi,d X3 ] = 0(i = 1,2) and Xi,X 2 are left-invariant under the 
group action 

(xi,x 2 ,x 3 ) • (x' 1 ,x' 2 ,x' 3 ) = (xi + x[,x 2 + x' 2 ,x 3 + x' 3 + ~{x\x' 2 - x 2 x\)j. 

To do stochastic analysis with this operator, let us introduce the associated stochastic 
differential equation for (X(t),Y(t)) E R 2 x R : 

jdX(t) = dB(t), 
\dY(t) = (AX(t),dB(t)), 

where B(t) is the 2-dimensional Brownian motion and A — Q ^ V Then (X(t),Y(t)) is 

the diffusion process generated by |A^, and the associated transition semigroup is known 
as the heat semigroup on the Heisenberg group. 

In this paper we consider the following natural extension of this equation for (X(t), Y(t)) G 
E m x R d =: R m+d (m>2,d>l): 



dX(t) = adB(t), 

dY l (t) = (A l X(t),dB(t)), l<l<d, 



where B(t) is the m-dimensional Brownian motion on a complete probability space (Q, JP, P) 
with the natural filtration {^t}t>o, & is an invertible m x m-matrix, and (^4z)i<z<d are mxm- 
matrices. Let 

m d 

Xi(x, y) = ^ &kid Xk + ^2(Aix)id yi , 0, y) = (x x , ■ ■ ■ , x m , y u ■ ■ ■ , y d ) G R m+d , 1 < i < m. 

k=l 1=1 
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Then the solution to (11.11) is the diffusion process generated by 

1 m 

L:=-YXI 

i=l 

Obviously, for any 1 < i, j < m and 1 < / < d, we have [Xi, d yi ] = and 

d d 

[XuXj] = {( A i°h - (Mh}d Vl = J2^hd Vl , 
i=i i=i 

where Gi := Aio — o* A\. Then the Hormander condition holds (thus, L is subelliptic) if and 
only if 

(1.2) The {m{m — 1)} x <i-matrix (M(jj) /)i<jj< m; i</<rf has rank d, 
where 

M {iJU := (Gi)ij, 1 < i < J < m, 1 < I < d; 

or equivalently, 

m d 2 

(1.3) Y.\H^ a \ ^ A H 2 ' a=(ai)i<i< d eW l 

i,j=i i=i 

holds for some constant A > 0. 

A simple example for (11.21) or (11.31) to hold is that d = m — 1, a = I m xm and 

{ai, ifi = l,j = l + l, 
A, ifi = Z + U = l, 
0, otherwise 

for a t ^ p h l <l <d. 

Moreover, let IR m+d be equipped with the group action 



(x, y) • (x', y') = (x + x', y + y' + (a l A.x, x')), (x, y), (x', y') G 



\>m+d 



where (a 1 A.x,x') := ((a 1 Aix,x'))i<i<d G M d . Then (0,0) is the unique unit element, and 
the inverse element of (x, y) G M m+d is 

(x, y)' 1 := (-x, (a^A.x, x) - y). 

It is easy to see that {Xi}i<i< m are left-invariant vector fields under the group structure. 
Indeed, for any / G C 1 (M m+d ) and (u,v) G R m+d , letting f M (z) = f((u,v) •z),z G R m+d , 
we have 



m ma 

XJ M (0,0) = J2<Tki{d x J M }(0,0) = J2<Tki{d Xk f + J2d (T T 1 Ax) k d y jy 

k=l k=l 1=1 

m d 

= {^2<?kid Xk f + ^2(A l x) i d yi f\(u,v) = (XJ)(u,v), l<i<m. 



u,v) 



k=l 1=1 



It is also easy to see that the Lebesgue measure /x is invariant under the group action. 
We will investigate the Markov semigroup (Pt)t>o f° r the solution to equation (11. Q : 



Ptf(x,y) := Ef{X x {t),Y^), (x,y) £ R m+d , t>0,fe<% b ( 



i rn+d ), 



where (X x (t), Y^(t)) t > is the solution to the equation with initial data (x,y). Since 
divXj = 0, 1 < % < m, Pt is symmetric in L 2 (n). 

In Section 2 we investigate Bismut/Driver-type derivative formulae for P t and applica- 
tions. In Section 3 we verify Baudoin-Garafalo's generalized curvature-dimension condition 
for the operator L so that results derived in [31 [5] apply. Finally, in Section 4 and Section 5 
we modify the argument in j2] to derive explicit Poincare and reverse Poincare inequalities 
for P t . 

2 Derivative formulae 

Recall that G[ := A\a — a* A\{\ < I < d) are skew-symmetric, i.e. G* t = — G/. In this section 
we assume 

(Al) Gi 7^ for all 1 < I < d, and there exists a constant 9 £ [0, 1) such that 
d 

e^\G lU \ 2 > \( G i G kU,u)\, ueR m ,l<l<d. 

1=1 l<l^k<d 

It is easy to see that (Al) implies the Hormander condition. Indeed, for any a = (cti)i<i<d £ 
R d , (Al) implies that 

d 2 d m 

l<i,j<m 1=1 k,l=l i,j=l 

d d 

,2 



r ^ r ( G l G i) a k a i > (1 - 0) X>(G?G,)af. 



k,l=l 1=1 



so that (11. 3p holds for A := (1 — 6) inf i<;<d ||G/||^5 > 0. A simple example such that (Al) 
holds is that a = Idxd, d = m — 1 and Ai given in (jl-4jl with ati =fi < I < d. In this case 
we have G*G k = for I ^ k, so that (Al) holds for 9 = 0. 

The main tool in the study is the integration by parts formula of the Malliavin gradient. 
For fixed T > 0, let (D, S)(D)) be the Malliavin gradient operator for the Brownian motion 
{B(t)} t .e[o,T], and let (D*, @{D*)) be the adjoint operator. For any F £ @{D), the Malliavin 
gradient DF is an element in L 2 (Q — y H; P), where 



H := {/? £ C([0, T]; R ) : / |//(t)| 2 di < 00} 



T 



i 



is the Carmeron-Martin space. We have 

(2.1) E[D h {f(X(T),Y(T))}} =E[f(X(T),Y(T))D*h], f G Cl(R. m+d ), h G @(D*). 

To establish Bismut (resp. Driver) type formulae using (12.1ft . we need to construct ele- 
ment h G S)(D*) such that the right-hand side of ( 12.1 ft reduces to V( U;W )Pr/(resp. PtV( U) „)/) 
for given (u,v) G IR m+d . To this end, let = (qki(T))i<t,k<d be a lR d ® Revalued random 
variable, where 

Qik(T) = J (GiG k (B(t)-±J B( S )ds),B(t)-ijT £(s)ds\dt, l<Z,fc<d. 
Moreover, let otT tU ,v, &t,u,v G M d with components 

1 /' T 

(aT,«,«)i = «i - V ^X(O)) - (An, B(T)) - - / (G^V £(t))dt, 

1 Jo 

1 /" T 

(fiT,«,«)i = v l - (a~\ A ; X(0)) - - / (G^V B(t))dt, 1 < / < d. 

1 Jo 

Theorem 2.1. Assume (Al) and letT > and (n, v) G M m+c( 6e /ixed. Let h and h be such 
that h(0) = h(0) = and 



h'(t) 



^ + Yl(QT^T,u,v)kG k (B(t) - i jf 5(,)d^ , 

^'(0 = ^ + ^(q? 1 ^)*^^^) - ^ y o 5( S )d S J , t g m. 



Then: 



(1) h,h (z S)(D*) and for any p > 1 £/iere ezista a constant c p > independent of (u, v) G 
M m+d and T > suc/j tfiai 

E| J D*n| p + E| J D*np' < |^{M P + |n| p (|X(0)| p + T§)}. 

(2) For any / G C fe 1 (M' m " M ), P T (V(u,v)f) = E[f(X(T),Y(T))D*h\. 

(3) For any / G V (u> „)P T / = E[/(X(T), Y(T))D*h\ . 

To prove Theorem 12.1( 1). we need the following lemmas. 

Lemma 2.2. Assume (Al). Then Qt is invertible and for any p > 1 there exists a constant 
C p > independent ofT > such that 

where \\ ■ \\ is the operator norm. 
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Proof. Let Q T = diagQ T ; that is, Q T = (qik(T)l{i}(k))i<k,i<d- By (Al), Q T is invertible 
and Qt > (1 — 0)Qt- Therefore, it suffices to show that 



(2.2) 



Eg^r P <^§, T>0,l</<d 



holds for some constant C p > independent of T > 0. Let e\ G with |ej| = 1 such that 
|G?e,| = ||G,|| > 0. Then 



Qu(T) 



dt 



where 



> jT (gi (B(t) - ^B(s)ds^j , dt 



is an one-dimensional Brownian motion. Therefore, 



Equ(T)' p < — — E — m 

" HGzll* \ bl (t) - ± £ bl (s)ds\*dt) P 



Combining this with 

l-T 



Jo W-ff W 8 )** 



dt = — 
T 



[0,T] 2 



\k(t)-k(s)\ 2 dtds 



T 

i r~z 



-TJ ^ UW-WfM, 



and using the Jensen inequality, we obtain 



op 

E ? „(T)^< TT771T ^E 



I J *asfZ\b(t)-b(s)\*dty 



< 



3 p+i 



E 



\\Gi\\ 2p Tj \(fl\b(t)-b(s)\*dt)P 



ds. 



According to [EJ Lemma 3.3], this implies (12. 2h for some constant C p independent of T > 0, 
and we thus finish the proof. □ 



6 



Lemma 2.3. Assume (Al). Then aj< tU>v , Q^&t^.v G &{D)® d , and there exists a con- 
stant c > independent of T > such that for any adapted random variable on the 
cameron- Martin space H ; 

< cTHQ^fll^lUlBlUlM + M(|X(0)| + H^Hoo)} + c\\Q^\\ ■ \u\ ■ \\f3\U 
where \\ ■ is the uniform norm on C([0, T\; M. d ). 

Proof. We only prove the desired upper bound for \\DpQ^ aT, u ,v\\, si nce that for the other 
term is completely similar. It is easy to see that 

(2-3) \a T ,uA < ci{M + |u|(|X(0)| + ||S||oo)} 

holds for some constant c\ > 0. Moreover, since DpB(t) = (3(t),t G [0, T], it follows from the 
definitions of q k i(T) and Qt, u ,v that each components of Qt and ax, u ,v are in 3)(D) with 



\Dpq k i(T)\ < c 2 \\/3\\ 00 T\\B\\ 00 , \Dpa T ,u,v\ < c 2 \u\ 
holding for some constant c 2 > and all 1 < k, I < d. Combining these with the fact that 

DpQ^ax^v = —Qt~ {D pQ^Qx 1 a T,u,v + Q^DpcxT^.v, 
we derive the desired upper bound estimate of \\D pQ^ 1 cit^vW- □ 

Proof of Theorem \2.1[ (1) We only prove for h as that for h is similar. Let {ej}i<j< m be the 
canonical ONB of M. m . Then a; := (a, e*) is the 2-th coordinate of a G IR m . Let 

t r* 

h (t) = -a^u, hi(t) = to*, p k (t) = / G k B(s)ds, 1 < i < m, 1 < k < d. 
T Jo 

We have 

Kt) = h ( t ) + j2 {QT^T,u,v) k m - E {Qt ^(GkBWidtyhiit) 

and 

L>*/i = i jf T (t7-VdS(t)) = I<t7-V5(T)), -D*/ij = Bi(T), 

D*f3 k = [ (G k B(t), dB(t)), D hi B(t) = h,{t) = te u 1 < i < m,l < k < d. 
Jo 

Combining these with Lemma 12.31 and the fundamental identity 

D*(F/3) = FD*/3-DpF 
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for F G @(D),/3 e 3>(D*) such that FD*/3 - D P F e L 2 (¥), we conclude that h e @{D* 
and 

D*h=ha-\B{T)) + YsiQ^OLT^k [ (G k B(t),dB(t)) 
1 k=i Jo 

- E^(^v,«,«)* -EE( (g ^r' tt ' w)fc [ T (G k Bmdt) Bl (T) 

h 1 I— 1 i — 1 V JO / 



k=l k=\ i=l 

m ci „ 1 \ m d 



+ Y^Y. DhXQ ~ T T T ' U ' v)k I (G k B(t))4t + J2^(Q^T,uMGkh. 

i=l k=l ^° i=l fc=l 

Therefore, it is easy to see from Lemma |2TB~| ( 12. 3ft and (Gk)u = that 



1^1 < C ' kl " + CHQ^lKkl + M(1*(0)| + H^Hoo} E I / (G k B(t),dB(t)) 
1 i=i 1 7 ° 

+ CT^IQ^II 2 ■ \\BWU\v\ + |u|(|X(0)| + UBIU)} + CT\u\ ■ \\Q?\\ ■ \\B\\ t 
+ C\\Qr 1 \\-\\B\\l{\v\ + \u\(\X(0)\ + \\B\U} 

< C\u\ ■ \\B\\J^ + T\\Q^\\) + C\\Q^\\{\v\ + |«|(|X(0)| + ||B||oo)} 



d „t 

X 



(El / (G^(t),dfi(t)) +I a ||^ 1 H-||S|l» + l|5|| 
v 1=1 1 ^ 



holds for some constant C > 0. Combining this with Lemma 12.21 and the fact that for any 
p > 1 

E||B||* + Ee|/ <G fc B(t),dB(f)> <c(p)I* T>0 
fe =i 1 Jo 

holds for some constant c(p) > 0, we obtain the desired upper bound of E,\D*h\ p . 

(2) For /3(s) = J^r=i^A( s )' wnere 6 are real-valued random variables and 0i(s) are 
square-integrable adapted processes on M. d , define 

pt n pt 

/ ((3(s),dB(s)) = J2^ / (A(a),dB(a)>. 

Then it is easy to see from (11. ip that 
'D h X{t) = ah(t), D h X(0) = 0, 

D h Yi(t) = J^A l ah(s),dB(s)} + J^A l X(s),h'(s))ds, D h ^(0) =0, 1 < / < rf. 
In particular, 

(2.4) D h X(T) = ah(T) = u. 
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Noting that X(s) = X(0) + aB(s) and h(T) = o x u, we obtain 

DMT) = (A l( Th(T),B(T)) - f (A l ah'(t),B(t))dt + f (a*A*h'{t), a~\X(0) + aB(t)))dt 

Jo Jo 

= (A t u, B(T)) + (A^a-\ X(0)> + f (G*h'(t), B(t))dt. 



Combining this with the definition of h'(t) and letting 



B(t) = B(t) - i £ B(s)ds, tE[0,T] 



we arrive at 

DMT) = (A lU ,B(T)) + (A*a~\X(0)) 



/^y^ — 1 

+ J ( J2(QT l <XT,u,v)kG;G k B{t) + B(t))dt 



k=l 

rT 



(2.5) = ( A i u > B{ ?)) + (^"VX(0)) + i jf (G^u, B(f ))d* 



+ Y / (QT 1 aT,u,v)k / (G;G k B(t),B(t))dt 

k=l J ° 



1 ' T 



= B(T)) + (^V^u, X(0)> + - J (G^u, B(t))dt + (a Tjttjt) ), = u,. 
By (J23D and (gSD we obtain 

D fc (X(T),y(T)) = («,«). 

Therefore, it follows from (12.1 j) that 

P T (V {u>v) f) = E(Vf(X(T), Y(T)), (it, u)) = E< V/(X(T), F(T)), D fc (X(T), F(T))> 
= ED ft {/(X(r), y(T))} = E{/(X(T), F(T))£)*/i}. 

(3) Similarly to (2), we have 

^X(t) = <rfc(t), 

^y(t) = f*{Aiah(s), dB(s)) + JJ<i4,X( a ), fc'(«))d*. 

In particular, 

(2.6) D h X(T) = ah{T) = u. 

Noting that X(s) = X(0) + aB(s) and h(T) = a~ 1 u, as in (2) we obtain 

i*_-i„ 



D~ h Y(T) = (A lU , B(T)) + (AV^n, X(0)> + / (Gfti(t), B(t))dt. 
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Combining this with the definition of h'(t) we arrive at 

DfflT) = (A lU , B{T)) + (AV-y X (0)> + i B(t))dt + (a^ 

= v l + (A l u,B(T)). 
Moreover, it is easy to see that 

'dV M X(t) = 0, V M X(0) = u, 

dV {UtV) Y l {t) = {A l V M X(t),dB(t)), 7 {u , v) Y l (0) = v h 1 < / < d. 
Then 

(2.8) V {U>V) X(T) = u, V M ^(T) = Vl + [ (A lU , dB(t)) = v t + (A t u, B(T)), 1 < / < d. 

Jo 

Combining this with (I2.6P and (12.71) we obtain 

D~ h (X(T),Y(T)) = (V (U>V) X(T), V (M y(T)). 

Therefore, it follows from (12.11) that 

V M P T f = E(Vf(X(T), Y(T)), V iu , v) Y(T))) = E< V/(X(T), Y{T)), D~ h (X(T), Y(T))) 
= ED Jl {f(X(T),Y(T))}=E{f(X(T),Y(T))D*h}. 

□ 

As consequence of Theorem 12.11 we have the following estimate ( 12.101) of T(P t f), where 

1 m 

r (/) : =2E( X ^) 2 

1=1 

is the energy form associated to L. This estimate will imply the coupling property of the 
diffusion process as well as the Liouville property for the time-space harmonic functions. 
Recall that the L-diffusion process has the coupling property if for any initial points z, z' G 
]R m+d one may construct two processes Z tl Z' t generated by L starting at z, z' respectively, 
such that the coupling time r := inf{t < : Z t = Z£} < oo. In this case (Z t , Z[) is called 
a successful coupling of the process. Moreover, a bounded function u on [0, oo) x M. m+d is 
called time-space harmonic associated to P t , if P s u{t, •) = u(t — s, •) holds for any t > s > 0. 
In particular, a bounded harmonic function is a time-space harmonic function. 
Let p be the distance induced by T, i.e. 

(2.9) p(z,z>) = sup{|/(*) - f(z')\ : / G C\R m+d ), T(f) < 1}. 
Corollary 2.4. For any p > 1 there exists a constant c p > such that 

(2.10) vW^M 1 *. t>o,fe^ b (R m+d ). 

Consequently: 
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(1) Let P t (z,-) be the transition probability kernel of Pt, and let || • \\ var be the totally 
variational norm. There exists a constant c > such that 

\\P t (z, •) - P t (z>, -)|U < 2E ^7p-, t>0,z,z'e R m+d . 

(2) The L-diffusion process has the coupling property. 

(3) Any time-space harmonic function associated to Pt has to be constant. 

Proof. By an approximation argument, it suffices to prove (1) for / G C^°(R m+d ). Indeed, 
for any z G R m+d , let e G R m+d be a unit vector such that y/T(P t f)(z) = V e P t f(z). Since 
P t f G C b (R m+d ) for / G @ b (R m+d ) and t > 0, (I2~TUD holds at point z provided 

(2.11) Ptf(z+™)-Ptm < ±i r imn/P{z + sv)dSi £ e (0j 1} . 

e \t £ Jo 

Noting that fl2~TTU]) with / G C , co (M m+d ) also implies (12~TTT) for / G C co (M m+<i ), and that 
C °°(R m+d ) is dense in L p (P t (z, •) + P t (z + ee, •) + J £ P t (z + se, -)ds) , we conclude that ( l2~T0l) 
for / G C , oo (M m+d ) implies (12~TT]1 for all / G ^ fe (M m+d ), and hence also implies ( 1210]) for all 
/ G ^(M m+d ). 

Next, by the left-invariant property of Xi, it suffices to prove the desired estimate at 
point (0, 0) G R rn+d . To see this, for any z G M m+d , let 

£ z (z') = z»z', z' G M m+d . 

Since Xi are left-invariant, we have 

r(P t f)(z) = r((P t f) o 4)(o, o) = r(P t f o 4)(o, o), 

so that the desired estimate at point (0, 0) implies 

T(PJ)(z) < -^(P t | /O 4n 1/P (0,0) = ^L(P t \f\Py/P(z). 

Now, we intend to prove (12.1 0ft for / G C , ^°(lR m+d ) at point (0,0). In this case, there 
exists an unit element u G R m such that y/V(P t f)(0, 0) = V (u , )Pt/(0, 0). Then, by Theorem 
12.11 (1) and (3) with X(0) = and using the Holder inequality, we derive the desired upper 
bound for y/T(P t f)(0,0). 

Finally, noting that 

\\P t (z,-)-P t (z',-)\\ var = 2 sup \P t f(x)-P t f(y)\<2p(x,y) sup VF(^7)I& 

ll/l|oo<l ll/l|oo<l 

then (EHUD implies (1). According to Sect 4] (see also 0), (2) and (3) follow from (1). □ 
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3 Generalized curvature-dimension condition and ap- 
plications 

In this section we verify the generalized curvature-dimension condition in the sense of 
Baudoin-Garofalo [5] such that a number of estimates on the semigroup derived in [51 |3l H] 
hold true. It is easy to see that the model we consider has a sub-Riemannian structure 
with transverse symmetries as in [5j Section 2.3] (see also Section 2.4 in [5] for a = I m xm), 
so that by Theorems 2.19 and 2.20 in [5] the generalized curvature-dimension condition is 
valid. We will present the exact generalized curvature-dimension condition by direct compu- 
tations, and provide some applications concerning gradient estimates, Harnack inequalities 
and coupling/Liouville properties. 
Let 

m d 2 

ij=i i=i 

By the Hormander condition (11.31) . let c 2 (G) > be the largest constant such that 



d 

2 



>c2(g)J2^i 



l<i<j<m 1=1 1=1 

holds for all (ai)\<i<d E M. d . To introduce the generalized curvature-dimension condition, let 

1 m 1 d 

r(/,?) = 2EW)(^). r*(/,s) = -^0V)(^<7), /.sec 1 ^) 

8=1 1 = 1 

and denote r(/) = T(/, /), T z (f) = T z (f, f). Define 

T 2 (f) = ±LT(f,f)-T(f,Lf), T z (f) = hv z (fJ)-T z (f,Lf), fEC 3 (R m+d ). 
Theorem 3.1. Assume the Hormander condition (II .3p . For any f E C 3 (W n+d ) and r > 0, 

r lW + r ^>M + M.5M rw . 

m 4 r 

Proof. Recall that L = \ Y7=i x f and 

d 

[Xt, X,] = - J2( G i)A, 9 Vl ] = 0, 1 < i, j < m, 1 < I < d. 



i=i 
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Then 



(3.1) 



_ m 1 m m 

w) = l E *?(*i/) 2 - i E E^/) 

i,i=l «J=1 i,J=l 

^ m j m 

= i E (*>/)([*<> x ^ + + - (x.x,/) 2 

i,j=l i,i=l 

= 4 E pw) 2 - 2 E W) ( E( G <) a**/) • 



4 . ^ 2 

i,j=l i,j=l i=l 

Moreover, 

dm ^ m d ^ m d 



r f(/) ^EE^/) 2 -|EEa/)(^/) = iEE(w) 2 - 

J=l i=l i=l 1=1 i=l Z=l 

Combining this with ( 13. ip and the fact 

iE(-w) 2 >^ + j £ (-w) 2 , 

ij=l l<*7^i<"i 

we obtain 

r 2 (/) + r rf(/)>^ + i £ (Wf-iE(EEft/KG.)») 

^2 2^ i<*7^i< m * = i i = i '=i 

+ i E (W) 2 -^r ( /,/), r>0. 

l<i^j'<m 

Finally, as observed in [5] we have 

E ( x ^f) 2 = E {(XiXitf + iXjXtf) 2 } 

l<i^j'<m l<i<j'<m 

= ^ E {(.V;.V ; / • .Y ; .V,/-) 2 • (.Y,.V ; /-.V ; .V;./r} 

l<j<j'<m 

>i £ ([^,X;]/) 2 = ^ £ (^(G^A/) 2 >c 2 (G)r^(/). 

l<i<j'<m 1<*<J<™ i=l 

Combining this with (13. 2 p we complete the proof. □ 
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As it is easy to see that the commutation condition 

r(/, r z (f, /)) = r z (f, r(/, /)), / g c°°(R m+d ) 

holds, the following assertions follow from the curvature- dimension condition presented in 
Theorem 13.11 where (3) and (4) are known as Li-Yau type gradient estimate and parabolic 
Harnack inequality (see (TSj), and (2) is the dimension-free Harnack inequality initiated by 
the author in [T5], which implies the log-Harnack inequality (3) as observed in [TS]. This 
type of Hanrack inequality was also established in [UJ on a class of Lie groups. The entropy 
gradient inequality (1) implying the dimension-free Harnack inequality (2) was first observed 
in P]. 

Corollary 3.2. Assume the Hormander condition (11 .3p . For any t > and positive f G 
£$t)(W m+d ), the following assertions hold: 

(1) ggn + ,y < C2( % 8 } Cl(G) {wio gf) - m i og P t/} . 



(2) (P t /)f(^)<(P t /V))«P 

(3) P t log/(z) <logP t /0O + 

(4) r(logPJ) 



p(c2(G) + 8ci(G)) 
4(p-l)c2(G)t 

c 2 (G) + 8 Cl (G) 



p(z,z') 2 , p > l,z,z' G 



zm+d 



6 



(5) PJCs) < P t +J(z') 



C2(G V(i og p t/ ) < 



4c 2 (G)t 

c 2 (G) + 6 Cl (G) 



c 2 (G) 



^logP/ + 



m(c 2 (G) + 6 Cl (G)) 5 



2c 2 (G) 2 t 



t + s 



m(c 2 (G) + 6 C1 (G)) 
2c 2 (G) 



exp 



(c 2 (G) + 6c 1 (G))p(x, Z /)- 
4mc 2 (G)s 



s,t > 0. 



(6) Letpt be the density of P t w.r.t. the Lebesgue measure fi, then there exist two constants 
Ci, c 2 > such that 



Pt(z,z') < 



c l ex p[ 



C 2 p(2,Z / ) 2 



-j-{m+2d)/2 



t>o,z,z'e 



nm+d 



Proof, (a) Proof of (l)-(5). According to the curvature-dimension condition in Theorem 13 . 1 1 
[31 Propositions 3.1, 3.4] and [51 Theorems 6.1, 7.1, 8.1], for assertions (l)-(5) it suffices to 
verify the following conditions: 

(i) There exists a sequence {h n } C C£°(R m+cl ) such that h n | 1 and ||r(/i n )||oo + 
||r z (/i n ||oo -> as n | oo. 

(ii) r(/, r z (f), f) = r z (f, r(/)), / g c°°(R m+d ). 

(iii) For any / G C °°(M m+,i ) and T > 0, 

sup (||r(p t /|| 00 + ||r z (p/)|| 00 ) <oo. 

te[o,T] 
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Let / G C$°([0,oo)) with /' < 0,/| [0 ,i] = 1 and /| [2l0o) = 0. Then (i) holds for h n (z) := 
f{\z\/n), n > l,z G R m+d . Next, (ii) follows from [Xi,<9J = 0, 1 < i < m, 1 < Z < d. 
Finally, it is easy to see from ( 12. 8ft that 

|V (u ,„)P t /| = |E<V M (X(t),F(t)), V/(X(t),y(t)))| < c(l + V*)||V/||oo, * > o 

holds for some constant c > and all unit (u,v) G M m+d , / G C£°(R m+d ). Then (iii) holds, 
(b) Proof of (6). Each of (2) and (5) implies (cf. [US [T3]) 



ci exp[- 



p t {z,z')<—= ^ , t>0,^,2;'G 

<p(B(z,V~t))p(B(z',Vi)) 



I s- TED«H 



where B(z,r) = {p(z, ■) < r} for z G M m+d and r > 0. Since both p and p are left-invariant 
under the group action, this is equivalent to 

r C2p(z,z') 2 1 

,u(£((0,0), V*)) 

So, it remains to show that 

(3.3) Ai(5((0, 0), r)) > cr m+M , r > 

holds for some constant c > 0. To see this, let us observe that for any / G C 1 (W n+d ) and 
f r (x,y) := (rx,r 2 y) one has 

r(/r)0,?/) = r 2 T(f)(rx,r 2 y). 
Combining this with with ( I2.9p . we obtain p((rx, r 2 y), (0, 0)) = rp((x, y), (0, 0)). So, 
£((0,0), r) = {(x,y) G R m+d : p((x/r, y/r 2 ), (0,0)) < 1} 

C [rx : p((x, 0), (0, 0) < i} x \r 2 y : p((0, y), (0, 0)) < 

Therefore, (I3.3P holds for 

c := : p((x, 0), (0, 0) < ^} x : p((0, y), (0, 0)) < i}) > //(£((0, 0), 1/2)) > 0. 

□ 

By Corollary 13.2( 6). we have 

\\Pt\\i^:= sup < (m+ C M)/2 , t>0 



2,2' 



for some constant c > 0. It is well-known that this is equivalent to the Nash inequality (see 
e.g. 0) 

for some constant C > 0. This inequality also follows from ^F7\ Corollary 1.2] with d\ = 
m, c?2 = d and U — 1(1 < i < d). 
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4 An explicit inverse Poincare inequality 

In this section we aim to derive an explicit L 2 -estimate on T(P t f) as in (2J Section 3], where 
the heat semigroup on the Heisenberg group is concerned. To this end, we need the following 
assumption: 

(A2) For any I, I', I" e {1, • ■ ■ , d}, A* = -A h aA x = A x a, A X A V = A v A h and A x a, A x A v A vl a 
and A x o~ 2 o~* are skew-symmetric. 

A simple example for this assumption to hold is that a = I mxm and {^4/} are commutative 
skew-symmetric m x m-matrices. 

Theorem 4.1. Assume ((OH and (A2). Then for any f E ^ 6 (lR m+d ) and t > 0, 

This estimate is equivalent to ( 12 .101) for p = 2 with explicit constant c p = ( !2 ^) 2 - To 
prove this result, we introduce the dilation operator modified from [2], 

j m d 

D := 2 12 Xidx < + J2 yid yi 
i=i i=i 

and the dual vector fields 

d 

Xi(x,y) := Xi(x,y) - 2y~](A l x) i d Vl , 1 < i < m. 

i=i 

Simply denote 

p° t (z)=p t ((0,0),z), zER m+d , 

where p t is the heat kernel of P t w.r.t. the Lebesgue measure \i on M m+d , which exists due 
to the Hormander condition. 

Lemma 4.2. Assume flL2D and (A2). Then LD — DL = L and [Xi,Xj] = 0, 1 < i,j < m. 

Consequently, (tL + D + ^)p° t = and XiP t = P t X h 1 < i < m. 

Proof. It is easy to see that [JQ, D] = \Xi, 1 < % < m. Then 

(4.1) LB - BL = - Y^i^B - BXf) = - ^(X,[X 4 , D] + [X h D]X t ) = -J^X? = L. 

i=l i=l i=l 

Let T t be the semigroup generated by D. Then T 4 e* is generated by D + 1 and due to (14.11) 
LB = (D + 1)L. So, LT S = T s e s L, which implies that 

(4.2) P t T s = T s P c s t , t,s>0. 



16 



Differentiating both sides w.r.t. s at s = 0, we obtain 
(4.3) PtD = BP t + tP t L, t > 0. 

Since D(0, 0) = 0, it follows that 

P t (tL - D)/(0, 0) = 0, fe C™(R m+d ) 

Combining this with 

P t (tL -D)/(0,0)= / p°(z)(*L-D)/(*)dz 



/(z){(fL + D)p°(z) + (divD)p°(s)}d* 

fd 

/ f(z)(a + n + ^y t (z)dz, 



we conclude that (tL + D + ^)p t ° = 0. 
Next, for any 1 < i,j < m, we have 



m d 

[X h X 3 ] = [X u X 3 ] + 2 £ ^(^)o^A 

k=l 1=1 

d d 

= E i^ a h - OVkK + 2 E(^)*A = o 



Z=l 1=1 

since A;<t is skew- symmetric. This implies XiP t = PtXi for any 1 < % < m. □ 
Lemma 4.3. Assume (A2) and let f (/) = |E^i(^/) 2 - T/ie ™ f (P?) = T (Pt)- 
Proof. It is easy to see that at point (x, y) G IR m+d , 

m d m d 

t(f) = nf) - 2 e w) ( + 2 e ( E(^)*<v) 

i=l !=1 t=l Z=l 

dm d 

= r(/)-2^^(^)A fe /)(9 tt /) = r(/) -22(9J)e,/, 
i=i fc=i «=i 

where 

fc=i 

So, it remains to prove Qip® — for 1 < Z < d. We prove it by two steps. 
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(1) QiL = LQi. Since A\o = crAi, it is easy to see that 

dm m 

[&i,Xi] = ^2^2(aAix) k (Ai') ik d yi , - ^ °ji{v A i)kjd Xk 

l'=l k=l k,j=l 
d m 

= S ^{A u aAix) i dy l , - ^2(crAia) ki d Xk 

l'=l k=l 
d m 

= s P j {A v Aiax)idy l , - y](V)^ t , 

l'=l i=l 

Then 



^(e^ 2 - x 2 e,) = ^{[e^XijXi + ^[e,,^]} 

i=l i=l 

dm dm 

= 2^ ^ ( A i'Aiax)ia ki d Xk d yil +2 ^ ^{AvAiax)^^)^^. 



Vl't 

l'=l i,fe=l l',l"=l i=l 

m m d 

- 2 ^ i. A i (j2 )ki(yjid Xk d Xj - 2 ^2 y ^2{.Aia 2 ) ki (A v x)id Xk dy ll 

i,k,j=l i,k=l l'=l 

dm dm 

+ ^2 a ki{ A i' A iO')ikdy ll ~^2^2 (A-io- 2 ) k i{A v )i k d Vll 

V=l i, k =l l'=i i,k=l 

dm d 

= 2^2^2{(aA l >A l ax) k - (A l a 2 A v x) k }d Xk d yi , + 2 (A^crx, A l »x)d yil d Vl „ 

V=\ k=l l',l"=l 
m d 

- 2j2( A i^*h9 Xi d x , + ^2 r Tr(aA l iA l ar - A v A l a 2 )d yv . 

i,j=i i'=i 

Due to (A2), this implies that 0;L = LQi. 

(2) By (1), div9, = and 9,(0, 0) = 0, for any / e C °°(R m+d ) we have 

o = (e,p t /)(o,o) = (p t e,/)(o,o) 

P ° t (z)e l f(z)dz = - [ {e lP ° t (z)}f(z)dz. 

Therefore, Oip® = 0. □ 
Lemma 4.4. J Um+d T (log P ° t , P ° t )(z)dz = ^i>0. 

Proof. We shall prove the lemma by using an approximation argument. Let h G Cq°([0, oo)) 
such that < h < 1, ^| ro,i] = 1 an d ^|[2,oo) = 0- Let f n (z) = h(z/n),n > 1. Then there is a 
constant Ci > such that 

(4.4) \Lf n \(z) + T(f n )(z) + |D/ n |(z) < dl^d^l), z e R m+d . 



Moreover, there is a constant C 2 > such that Y{C 2 log(l + | • |)) < 1. So, according to (12. 9p 

p(0,z) >C 2 log(l+|*|), zeW m+d . 
Combining this with Corollary 13.2( 6) we obtain 

(4.5) p° t (z) < Cl (t) exp [ - c 2 (t){log(l + \z\)} 2 ] , ze R m+d 

for some constants ci(t), c 2 (t) > 0. Since by Lemma 14.21 (tL + D + divD)p° = 0, for any 
n > 1 we have 

{f n T(\ogplp° t )}(z)dz = -t [ {f n (\ogp° t )Lp° t + (logp t )r(f n: p° t )}(z)dz 

Jj&rn+d 

{ (f n \ogp° t ) (D + divD)p° } (z)dz - t f (\ogp° t ) (z)T(f n , p° t ) (z)dz 
B(f nP ° t )(z)dz + / {(Dfn)p° t - (ft°log ft °)D/ B - t(log^)r(/„,^)}(^)dz 



m + 2 
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(ArfXaOdz + / {(D/ n )p t ° - (rflogrf)D/ n - t(logp t )r(/ n ,^)}(z)dz 

m-\-d /rom + d 



< ^ + C(f) / {rf + |p?Iogp?| + I ]ogp°\Jr^)}(z)dz 

Z J{n<\z\<2n} L V J 

for some constant C(t) > according to (I4.4p . Therefore, it suffices to verify 
(4.6) / \p° t + |p°logp°| + I \ogp° t \Jr{pJ)}(z)dz < 00 



so that the desired estimate follows by letting n — > 00. Noting that pi = P±Pt, Corollary 
123] for p = 2 and Corollary [3JP) yield 



T(p?) < C^P^)* < C 2 (t)y/j$ 
for some constants Ci(t), C*2(t) > 0. Therefore, (I4.6P follows from ( 14. 5 p since 

P° t + \P>gP° t \ + c a (t)| b g p?iv5? < c 3 (t){(rf) 2 + (p^} 

holds for some constant C-s(t) > 0. □ 

5 The Poincare inequality 

In this section we prove the estimate ( 15. ip below by following the argument in (2j Section 
4]. This estimate for the heat semigroup on the Heisenberg group was first derived |T2] was 
reproved in [2]. 

According to (II. 2p . there exists {(ii, ji)}i<i<d with 1 < ii < ji < m such that the matrix 

M := (M M 0i< M '<rf 

is invertible, where M\y := M^j^j = (GV)^.. Recall that for any x G M. m and 1 < i < m, 
(A.x)i := ((Aja:)i)i<i<d e Similarly, we let (Acr)y = (0V)«)i<i<d G M d . 
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Theorem 5.1. Assume (A2). Then 

(5.1) T(P t f) < CP t T(f), t>0,fe Cl(R m+a 

holds for 



m 

C := 2 + 16 V \(M*y 1 (A.a) ij \ 2 + 32P 1 \ sup {(Af^-^Ax),}. 2 r(logp°)| (0, 0) < oo 

— ' ^ KKd 



where p1(z) := Pi((0, 0),^) and (A.x)i(z) := (A.x')i for z = (x',y') G IR m+d . Consequently, 
the Poincare inequality 

Ptf 2 -(Ptf) 2 <2CtP t T(f), feCl(R m+d ) 

holds for all t > 0. 

Proof. The desired Poincare inequality follows immediately from ( 15. ip by noting that for 

/ G C£°(R m+d ), 

^-P s (P t _ s ff = 2P s T(P t _ s f) < 2CP t T(f), s G [0,*]. 

Below we prove ( 15. ip and the finite of C respectively, where the proof of (15. ip is modified 
from [2]. 

(1) We first observe that to prove (15. ip it suffices to confirm 
(5.2) T(P 1 f)(0,0)<CP 1 T(f)(0,0), f G C^°(R m+d ). 

Indeed, by the left-invariant property of T and Pt, we only need to prove (15.11) at point (0, 0); 
and by a standard approximation argument as in the proof of Corollary \2A\ we may assume 
that / G C^(W n+d ). Finally, for any t > 0, it follows from (0~2D that 

Ptf — PtT-\ gtT\ og t = T-.i gtPiTi gtf- 

Noting that T s f(x,y) = f(e%x,e s y), we have X{T S = e^T s Xi. Therefore, if (15. 2p holds, then 
at point (0, 0) we have 

F(Ptf) = ^(T-io S tPiTiogtf) — -T-iogt^iPiTiogtf) 
C 

< —T-i gtPiT{Ti ogt f) = CT^i ogt PiTi ogt T(f) = CP t T(f). 

(2) Note that 

d d 
^{(MT'iA.x^j^X^ = - (M*)f/(Ai>x)iMii»d yill 
i=i i,i'=i 

d d 

= -J2 {M* (M*)" 1 } l „ l ,(Ai l x)idy lll = -^2(Aitx)id yi ,. 

l',l"=X l'=l 
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(=1 



Then, by Lemma 14 .2\ at point (0,0) we have 

XiPJ = XiPJ = PiXif = P x [x t -2j2( A ix)idvi}f 

i 

d 

(5.3) = P 1 {X i f) - 2P 1 (j2( A ix)idyj] 

i=i 

d 

= P 1 (XJ) + 2"£Pi({(MT 1 (A.x) i } l [X il ,X jl ]/). 

i=i 

Next, for any / G C^°, at point (0, 0) we have 
P 1 ({(M*)- 1 (A.x) i } l [X iu X jl ]f 

p° 1 (x,y){(MT 1 (A.x) i } l (X il X jl -X jl X il )f(x,y)dxdy 



m-\-d 



m-\-d 



P l{x, y ){X i J){x,y)[{{M*)-\A.x) i } l X k \og V l^ 
ti{x,y){X j J){x,y)[{{M*y\A.x) i } l X il \ogp\{x, y) + {{M*)-\A.a) iil } l 
= Pi{(X H f) [{(^(Az),}^ logp? + {{M*Y\A.a) ijl } l 
- Pi{{X n f) [{(MT 1 ^),}^ logrf + {(MT\A.a) iil } l 

Combining this with (I5.3P and noting that 

d 

[{{M*)-\A.x) l } l X Jl \ogp\ + {(MT\A.a) ijl } l 

i=i 



dxdy 



<2J2 |(Ar)- 1 (Aa) lJ | 2 + 4 snp | {(M*)- 1 (Ax),}'r(logp?) 



KKd 



and the same holds for i\ in place of ji, we prove (I5.2p at point (0, 0). 
(3) Obviously, C < oo follows from 



(5.4) 



\x\ 2 p ( l(x,y)T(\ogp ( l)(x,y)dxdy < oo. 



Let h G C°°[0,oo) such that fo|[o,i] = 1 and fo|[2,oo) = 0. Let /„,(x) = |x| 2 /i(|a;|/?T,). Then 
/„ G C£°(R m+(i ),n > 1. By Corollary O (4), there exists a constant c> such that 



r(iogp?)<c(i + ^i). 
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Combining these with (L + D + m j^)p ( ( = according to Lemma [4.21 we arrive at 

f ( Lp° \ 
< c / fn{\x\)pl{x, y) I H q~ ) (x, y)dxdy 

J R m + d \ P X / 

= c [ f n (\x\)Lp° 1 (x 1 y)dxdy + cP 1 \x\ 2 (0,0) 

= cP 1 |x| 2 (0,0)-c / f n (\ x \)(T> + T^) p O( x ,y)dxdy 

J^m + d V I / 

= cPi|x| 2 (0,0) + cPi(D/ n )(0,0) < cPi|x| 2 (0,0) + cPi(^|x| 2 + ^^|x| 3 J (0, 0). 

Letting n — > oo and noting that Pi|x| p (0, 0) < oo holds for any p > 1, we obtain (15 .4ft . □ 

Finally, we remark that for the heat semigroup on the Heisenberg group the following 
stronger estimate than (15.1 ft was proved in [2] (see also (2j Section 5]): 

VnPJ)<CPtVT{f), f eCl(R 3 ),t>o 

for some constant C > 0. This estimate implies the semigroup log-Sobolev inequality. 
However, in the moment we are not able to prove this type estimate under our more general 
framework. 
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